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Local learning uses only a neighborhood of training samples to make predictions for a test
sample, and includes popular learning techniques such as the k-NN classifier and local linear
regression, as well as more recent algorithms, such as hyperplane k-NN [1], SVM-KNN [2],
and local similarity discriminant analysis [3]. A key issue in local learning that has been relatively unstudied is the choice of neighborhood. It is standard to use the nearest k neighbors,
or all the neighbors in some hypersphere around the test sample. Such definitions do not
ensure that the neighbors will be well spread-out around the test point, and generally require
cross-validation of a neighborhood size parameter. Ideas from computational geometry offer
neighborhood definitions that adapt automatically to the spatial distribution of the feature
vectors. Such neighborhood definitions can adaptively size the neighborhood and may have
provably optimal properties.
Perhaps the first work in this area is Sibson’s natural neighbors, proposed for linear
interpolation [4]. The natural neighbors are defined by the Voronoi tessellation V of the
training set and test point. Given V, the natural neighbors of a test point g are defined to
be those training points {xj } whose Voronoi cells are adjacent to the cell containing g. An
example of the natural neighbors is shown in the left diagram of Fig. 1. Though proposed
for linear interpolation, the natural neighbors could be used as a neighborhood definition for
any local learning method. Another computational geometric approach to local learning is
to use the Gabriel neighbors [5, pg.90][6].
Recently, we have proposed that an effective neighborhood for a test point would include
the test point in the convex hull of the neighbors [7], [8]. It is easy to show that the
natural neighbors satisfy this property. We proposed another enclosing neighborhood called
enclosing k-NN : the first k neighbors whose convex hull closure is closer to the test sample
[8]; an example is shown in the right diagram of Fig. 1.
We showed that on average, asymptotically, the enclosing k-NN will consist of 2d + 1
neighbors, where d is the dimension of the space. We proved that linear regression on an
enclosing neighborhood has a bounded estimation variance, if the true function is a linear
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trend with additive noise [8]. Experimental results demonstrated that local linear regression
over enclosing neighborhoods can significantly significantly reduce color management error
over the state-of-the-art.
When the test sample cannot be enclosed in the convex hull of the set of training samples,
it is less clear what the value of any particular enclosing neighborhood is. The spatial
distribution of the training samples should still be useful for deciding what neighbors to
learn from, but how to do this is an open question.
Some learning problems require making predictions given only pairwise similarities (or
dissimilarities) between samples. Local learning methods can be applied to these problems
as well [3]. Here too, adaptive neighborhood definitions are needed that will ensure neighborhoods contain samples that are highly similar to the test sample, but also a diversity of
highly similar training samples. To this end, assume that B is some enumerated abstract
space of samples, n labeled training samples {xj } ∈ B, test sample g ∈ B and suppose there
is any similarity function s : B × B. We define a similarity-based Voronoi tessellation such
that the Voronoi cell of xj is Vj = {z ∈ B|s(z, xj ) > s(z, xi )} for all i 6= j. Then we define
the similarity-based natural neighbors as those training samples whose Voronoi cell changes
if the Voronoi tessellation is performed on the set {g, x1 , x2 , . . . , xn }. We will show how these
definitions may be used in practice for semi-supervised similarity-based classification.
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